We study the half-BPS sector of the AdS/CFT correspondence. In the full sector of the correspondence, on-shell actions in type IIB supergravity have been played crucial roles, for example in the GKP-Witten relation. We derive, therefore, an on-shell action that reproduces a class of half-BPS solutions found by Lin, Lunin and Maldacena. These solutions describe the bubbling geometries in the supergravity. We show that this on-shell action for the LLM solutions is dual to the classical limit of an observable of the N free fermions in a harmonic oscillator potential in 1+1 dimensions. The observable consists of three parts: an expectation value of the total energy, matrix elements of the momentum squared, and matrix elements of the position squared. Our results suggest that there exists a holographic correspondence on a two-dimensional surface in the bubbling geometries.
Introduction
The AdS/CFT correspondence has attracted much interest in the last decade. In a convincing part of the AdS/CFT correspondence, there exists a holographic correspondence between a five-dimensional supergravity around the AdS 5 background that is reduced from ten-dimensional type IIB supergravity on S 5 and four-dimensional large N N = 4 super Yang-Mills (SYM) living on the AdS boundary [1] . In this correspondence, the on-shell actions in the supergravity have been played crucial roles [2] [3] [4] . Especially, the on-shell action of the AdS supergravity coincides with the generating functional of the correlation functions in the SYM. In this relation, which is called the Gubser Klebanov Polyakov -Witten (GKP-Witten) relation [2, 3] , the boundary values of the fields on the AdS boundary in the supergravity are identified with source functions that couple to the operators in the SYM.
Recently, significant advances have been made in the half-BPS sector of the AdS/CFT correspondence [5] [6] [7] . In this sector, the full correspondence is reduced to a correspondence between a class of half-BPS solutions found by Lin, Lunin and Maldacena in ten-dimensional type IIB supergravity, and N free fermions in a harmonic oscillator potential in 1+1 dimensions. We call the solutions that belong to this class the Lin-Lunin-Maldacena (LLM) solutions. The LLM solutions describe bubbling geometries, which include AdS 5 × S 5 geometry and giant gravitons. These solutions are half-BPS solutions with SO(4)×SO(4)×R isometry.
Under these conditions, the equations of motion of the type IIB supergravity are consistently reduced to a single three-dimensional equation of motion. The consistent reduction means that all solutions of the three-dimensional equation can be lifted to solutions of the type IIB supergravity. Each LLM solution is determined by solving the three-dimensional equation of motion and fixing boundary values on a two-dimensional boundary. If we assume that the LLM solutions are non-singular, the boundary values are restricted to take only 0 or 1, and thus they form droplets on the two-dimensional boundary. On the other hand, in this sector, the SYM is reduced to a system that consists of N free fermions in a harmonic oscillator potential in 1+1 dimensions. Each state of this system is represented by certain fermion droplets on the two-dimensional phase space. In this correspondence, the boundary of the three-dimensional space is identified with the phase space of the fermions. Moreover, the boundary values of the scalar are identified with the droplets of the fermions on the phase space [7] [8] [9] [10] [11] . Thus, it is natural to expect that there exists a holographic correspondence between the three-dimensional scalar and the fermions on the two-dimensional phase space as in the case of the full sector.
In this paper, we study an on-shell action for the three-dimensional scalar and its dual in order to clarify the holographic correspondence between the three-dimensional scalar and the fermions on the two-dimensional phase space. We study other holographic correspondence on the two-dimensional surface than the holographic correspondence on the AdS boundary in the full sector. Actually, the two-dimensional boundary is not a part of the AdS boundary 1 . In section 2, we shortly review on the half-BPS sector of the AdS/CFT correspondence.
In section 3, we derive an on-shell action for the LLM solutions analogously to the GKPWitten case. We show that our on-shell action one-to-one corresponds to the class of the LLM solutions. The precise description of the one-to-one correspondence is given in this section. In section 4, by using the relation between the boundary values of the scalar and the fermion droplets, we show that the on-shell action for the LLM solutions is dual to the classical limit of an observable of the N free fermions in the harmonic oscillator potential in 1+1 dimensions. The observable consists of three parts: an expectation value of the total energy, matrix elements of the momentum squared, and matrix elements of the position squared. In section 5, we summarize and discuss the results.
Review on Half-BPS AdS/CFT Correspondence
In this section, we briefly review on the half-BPS sector of the AdS/CFT correspondence [6, 7] . In this sector, the AdS/CFT correspondence is reduced to a correspondence between a class of the LLM solutions on the gravity side and N free fermions in a harmonic oscillator potential in 1+1 dimensions on the gauge theory side.
On the gravity side, the LLM solutions are half-BPS solutions with SO(4) × SO(4) × R isometry in ten-dimensional type IIB supergravity,
where i, j run 1, 2, µ, ν run 0, · · · , 3, x 0 = t and x 3 = y. * 3 represents a Hodge dual in the three dimensions, parametrized by x 1 , x 2 , y. In this solution, the dilaton and axion are constant and the three-form field strengths are zero. This solution is determined by a single function z, which is a solution of a three-dimensional second-order partial differential equation,
2) is a consistent reduction from ten-dimensional type IIB supergravity under the ansatz (2.1). The consistent reduction means that all solutions of (2.2) can be lifted to solutions of the equations of motion of ten-dimensional type IIB supergravity by using (2.1). That is, this three-dimensional equation of motion gives dynamics on the supergravity side. Actually, the LLM solutions are determined by a function, which are solutions of (2.2) with Dirichlet boundary conditions z(x 1 , x 2 , 0) on a two-dimensional surface specified by y = 0,
If we assume that the LLM solutions are non-singular, z(x 1 , x 2 , 0) are restricted to take only 1/2 or -1/2. As a result, w(
take only 0 or 1, and thus they form droplets.
On the gauge theory side, large N N = 4 super Yang-Mills (SYM) is reduced to a system consisting of N free fermions in a harmonic oscillator potential in 1+1 dimensions in the half-BPS sector. On a phase space, a state of fermions can be expressed by fermion droplets.
In this correspondence, the boundary plane (x 1 , x 2 ) in the three dimensions on the gravity side is regarded as the two-dimensional phase space (p, q) of the fermions. Especially, the boundary values w(x 1 , x 2 ) of the scalar are identified with the fermion droplets w(p, q) in Let us recall the GKP-Witten relation in the full sector of the AdS/CFT correspondence.
On the gravity side, the AdS boundary is given by r → ∞, where r is the radial coordinate of the Poincare coordinates. We introduce as a cut-off another boundary that is given by r = r 0 (r 0 is finite). We define boundary values of fields on this cut-off boundary and obtain an on-shell action. Some terms in the on-shell action keep finite and the others diverge or vanish when the cut-off boundary approaches the AdS boundary. The finite terms give correlation functions in the large N N = 4 SYM (For a review, see [14] .).
We study an on-shell action in the half-BPS sector analogously to the full case. We begin with an action for a reduction to an action, one obtains a reduced action from which consistently reduced equations of motion are derived. However, in the type IIB supergravity case, we cannot derive consistently reduced equations of motion from the action which is obtained by substituting ansatz to an action, because of the self-duality condition. There is no unique way to obtain a reduced action. Therefore, we choose the most simple one (3.1).
The Hamiltonian for this action is given by
In a similar way to the full case, we introduce a cut-off boundary on y = y 0 as shown in Fig.   2 . By regarding y as time and setting boundary values as u(x 1 , x 2 ) := z(x 1 , x 2 , y = y 0 ) on y = y 0 , an on-shell action S(u, y 0 ) for (3.1) is defined. S(u, y 0 ) satisfies the Hamilton-Jacobi
where momentum p is replaced as
Explicitly, the H-J equation is expressed as It is difficult to solve (3.5). Instead, in order to obtain solutions of (3.5), we solve (2.2)
with Dirichlet boundary conditions and substitute the solutions to the action. We set the following boundary conditions under which the solutions reduce to (2.3) when y 0 → 0:
2) is reduced to the modified Bessel differential equation,
(3.6) selects one of the two independent solutions, the modified Bessel function of the second kind K 1 (t) and determines the coefficient. As a result, we obtain
where I 0 is the modified Bessel function of the first kind. This solution satisfies (2.2) and (3.6).
These solutions one-to-one correspond to (2.3). Actually,
where F (a, b, c; x) is the Gauss's hypergeometric function.
If we substitute the solutions (3.9) to the action (3.1), only surface terms on y = y 0 survive. We obtain
where
. Actually, we can easily verify that this satisfies the H-J equation (3.5) .
This on-shell action is uniquely determined by the LLM solutions because the on-shell action is obtained by substituting (3.9), which one-to-one correspond to (2.3). On the other hand, the on-shell action reproduces (2.3) and thus the LLM solutions, because the on-shell action satisfies the H-J equation. That is, the on-shell action determines a first order differential equation that is obtained by integrating the equation of motion (2.2), and (3.9) satisfies this first order differential equation. Therefore, the on-shell action one-to-one corresponds to the class of the LLM solutions.
In a similar way to the full sector, it is natural to expect that finite parts of the on-shell action give physical quantities on the gauge theory side also in the half-BPS sector, when the cut-off boundary approaches the boundary. Therefore, we need to expand the on-shell action in y 0 around y 0 = 0. Non-vanishing terms in y 0 → 0 are given by
where γ is Euler constant. The local part of the constant terms of the on-shell action is
We study what is dual to (3.13) in the next section.
Holographic Dual to On-shell Action
In this section, we study what is holographic dual to the on-shell action (3.13). On the gauge theory side, in order to express the fermion droplets, we use the Wigner distribution function [8] given by,ŵ
where ψ is a wavefunction operator of second quantized fermions.ŵ(p, q) satisfies the following properties,
where * is a Moyal product. In the classical limit,ŵ(p, q) satisfies
For energy eigen states, fermion droplets w(p, q) can be defined [8, 9, 11] by
where is an energy eigen state of the fermions. w(p, q) satisfies the same properties as in (4.3), which are conditions for the droplets 2 . This formula describes a relation between a shape of the droplets and the state of the fermions.
The fermionic field can be expanded as
We do not assume any form of the Hamiltonian. The energy eigen states are given by
As a result, (4.4) is reduced to
Finally, we identify the boundary values u(
with the expectation values of the Wigner distribution function w(p, q). By substituting this form to (3.13), we obtain
The first term represents the total energy of N free fermions in the harmonic oscillator potential in 1+1 dimensions. This is a non-trivial result because we have not assumed any form of the Hamiltonian of the fermions. Final result shows that the on-shell action for the LLM solutions is dual to the classical limit of an observable of the N free fermions in the harmonic oscillator potential in 1+1 dimensions. The observable consists of three parts:
an expectation value of the total energy, matrix elements of the momentum squared, and matrix elements of the position squared.
When we discuss dual to the on-shell action, we consider the boundary conditions corre- 
Conclusion and Discussion
We have obtained an on-shell action for a scalar theory that is dimensionally reduced from ten-dimensional type IIB supergravity. This on-shell action one-to-one corresponds to a class of the LLM solutions, which represents the half-BPS sector of the AdS/CFT correspondence.
We have shown that the on-shell action for the LLM solutions is dual to the classical limit of an observable of the N free fermions in the harmonic oscillator potential in 1+1 dimensions. The observable consists of three parts: an expectation value of the total energy, matrix elements of the momentum squared, and matrix elements of the position squared.
Our results imply that there exists a correspondence between the three-dimensional scalar and the fermions on a two-dimensional surface. This correspondence is different from the correspondence on the AdS boundary in the full sector. Therefore, our result should be a new aspect of the AdS/CFT correspondence.
There are some directions to study further. First, it is interesting to study what is dual to the non-local part of the finite terms in the on-shell action. In the full sector, such non-local parts give correlation functions on the gauge theory side. Second, we need another formalism for droplets on the phase space to study all fermionic states. The expectation values of the Wigner distribution functions only for the energy eigen states can form droplets on the phase space. Third, we need to deeply understand why the rather complicated quantity (4.10) on the gauge theory side is dual to the on-shell action for the LLM solutions on the gravity side.
We comment on an application of our results. The relation between the on-shell action and the fermionic observables should be extended to a half-BPS sector of the AdS/CFT correspondence where quantum corrections are included on the gravity side. It is expected that we can rather easily treat quantum corrections on the gravity side in the half-BPS sector of the AdS/CFT correspondence. Actually, it is discussed that we only need to fluctuate the droplets in order to quantize the half-BPS sector of the type IIB supergravity, by using the Crnkovic-Witten-Zuckerman's method of mini-superspace quantization [15] . Therefore, we expect that we can study quantum corrections to the LLM solution by studying only quantum corrections to the three-dimensional scalar. We need to find a wave function that reduces to the exponential of our on-shell action in the classical limit. Therefore, this study should be useful for an extension of the AdS/CFT correspondence where quantum corrections are included on the gravity side.
